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We show that extended theories of gravity with Lagrangian f(R, R^vR^") in the Palatini 
formulation possess a phenomenology much richer than the simpler f(R) or / (R^v R^" ) 
' theories. In fact, we find that the scalars R and Q = R^yR^" can be written as algebraic 

^J^i functions of the energy density and pressure of the energy momentum tensor. In the 

simpler cases of f(R) or f(R /lv R llv ) theories, R and Q are just functions of the trace T 
of the energy-momentum tensor. As a result, in radiation dominated universes f(R) and 
{(R^uR^) theories exhibit the same dynamics as general relativity with an effective 
cosmological constant. This is not the case of f '(R, R til/ R^ v ) models, in which R = 
R(p, P) and Q = Q(p, P) and, therefore, modified dynamics exists even for traceless 

> 

o 

On 

C*") ' In the recent literature on modified theories of gravity, f(R) theories have re- 

. ceived considerable attention. These theories are usually studied in two different 

forms, namely, in metric and in Palatini formalisms (see 1,2 and references therein). 
The former assumes that metric and connection are compatible, while the latter 
assumes that the connection is independent of the metric, i.e., it is not the Levi- 
Civita connection of the metric. Though extended theories of the form f(R, Q), with 
Q = Rp.vR 1 * 1 ' 'i have been thoroughly studied in the literature in metric formalism 
because of their relation with perturbative approaches to quantum gravity (semi- 
classical approach) and with low-energy limits of string theories, a similar analysis of 
the Palatini version of such theories is still lacking. This analysis is now motivated 
by the recent connections found between Palatini theories and non-perturbative 
approaches to quantum gravity. 3 The phenomenological scrutiny of these Palatini 
theories has also been limited due to the existence of certain technical difficulties 
related to the connection field equation. Those technical aspects were detailed and 
solved in a previous work 4 and will be summarized here, where we discuss the prop- 
erties of a fully tractable model and discuss the richness of its phenomenology. 
The action that defines a Palatini f(R,R lill R liv ) theory is as follows 

%,r,v> m ] = ^2 J dix V-9f{ R >Q) + S m [g,ip m ] (1) 

where g a p represents the space-time metric, F^ 7 is the connection (which is in- 
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dependent of the metric), ip m represents the matter fields, R — g^R^, and 
Q = RfivR^ ■ The Ricci tensor i? M „ = R^pv 9 is defined in terms of the connec- 
tion as R^{T) = -d^T\ v + d x T* v + T x ^T p pX - r*,r£ v Variation with respect to 
metric and connection lead to the following equations 



V/3 [V=g(fRg^ + 2f Q R^)] =0 



(2) 
(3) 



were we have used the short-hand notation fp = <9r/, and /q = Oq/. The con- 
nection can be solved assuming the existence of an auxiliary metric h^ v such that 
([3]) takes the form V M [V — hh a p\ = 0. Taking the energy-momentum tensor as a 
perfect fluid, we find 



A, 



9/MU 



where fl 
A = ■ 



Ai - A 2 
[A 1 (A 1 -A 2 )] 1/2 , A 1 



1 



A 2 



(4) 



£r 

2 ' 



3^/2fc(i?+g)± J2f Q (R+^) -8 K 2 (p + P) 



A 2 - v^7q<7, 
, and <7 = A ± 



\/A 2 — k 2 (/3 + P). In terms of the auxiliary metric h^ Ul the field equations ^ for 
the metric can be written as 



(f + 2^ 2 n) 
2Q 



A lK 2 { P + n ) 

Ai - A 2 



(5) 



In order to study physical predictions of these theories, we must consider specific 
models for which the functions R = TZ(p, II) and Q — Q(p, II) can be solved. An 
example is provided by the family of Lagrangians f(R, Q) = f(R) + bQ/Rp. In this 
case, we find that 1Z — 1Z(T) and Q is given by 



g 

2R F 



f , R 



R f 



R 



Rp 



3 — + f R ± 4 / — + f R 



R 



Rp 



4n 2 (p + Il) 

R~p 



(6) 

For the sake of clarity, let us consider the quadratic Lagrangians f(R, Q) — R + 
aR 2 /Rp + Q/Rp, for which R turns out to go exactly like in GR, 7Z — —k 2 T (the 
stellar structure of quadratic f(R) models has been discussed recently 5 ). If in this 
example we choose a = —1/2, i.e., f(R) = R — R 2 / (2Rp), then (j6|) becomes 



Q 



3i?p 



2n 2 {p + n) 2 K 4 (p-3n) 2 



Rp 



m 2 P 



4« 2 (p + n) 
R~p 



At low energies, this expression recovers the GR limit 

~ , 3(P + pf , 15(P + p) 4 



Q ~ (3P 2 



2R P 



ARp 



(7) 



(8) 
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However, positivity of the argument in the square root of (0 implies that K 2 (p+H) < 
Rp/4, which clearly shows that the combination p + II is bounded from above. 

We have shown that the independent connection can be expressed as the Levi- 
Civita connection of an auxiliary metric which is related to the physical metric 
g^ v and the energy-momentum tensor by means of a non-standard transformation, 
which becomes disformal when matter is described as a perfect fluid and boils 
down to conformal when the R^R^ dependence disappears. The emergence of 
two metrics related by a disformal transformation, a basic requirement of relativis- 
tic MOND 6 theories to properly account for gravitational lensing, could make these 
theories interesting for the consideration of dark-matter-related problems. 

We have also shown that in Palatini f(R,R^ v R^) theories the scalars R and 
R / _iuR' 11 ' can in general be written as functions of p and II but not necessarily via 
the trace T. As a result, the phenomenology of these theories is much richer than 
that of the individual f{R) or fiR^R^) theories. Furthermore, for some simple 
models, we have shown explicitly that the scalar R^„R^ V sets bounds on the phys- 
ically accessible range of p and II, which suggests that scenarios such as the very 
early Universe and the last stages of stellar collapse could be seriously affected by 
the new dynamics possibly leading to singularity resolution. 7,8 

The results obtained in this work open new avenues of research in the context of 
the very early Universe, the radiation dominated epoch, and the accelerating Uni- 
verse, with new mechanisms to generate an effective cosmological constant, within a 
framework that does not introduce new degrees of freedom and, therefore, is closer 
to GR than other type of modified theories of gravity or dark energy models. 
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